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3 $E_{6}$ Weyl $E_{6}$
3 $E_{6}$ Weyl
(1)3 27
$E_{6}$ Weyl (2) $S$
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895 1995 1-14 1
$ffi|\rfloor$ l(Clebsch diagonaI surface)
$S= \{(x_{0}:x_{1}:x_{2}:x_{3}:x_{4})\in P^{4}|\sum_{i=0}^{4}x_{i}^{3}=\sum_{i=0}^{4}x_{i}=0\}$
$S$ $x_{i}+x_{j}=0,$ $x_{k}+x\iota=0$ ( $i,j,$ $k,$ $l$ :distinct) 15 $x_{i}+$
$x_{j}+\alpha x_{k}=0,$ $x_{l}+x_{m}+(1-\alpha)x_{n}=0(i,j,$ $k$ : distinct, $l,$ $m,$ $n$ : distinct, $\#(\{i,j, k\}\cap$
$\{l, m, n\})=1,$ $\alpha^{2}-\alpha-1=0)$ 12
$S$ 2
$H_{2}(S,\mathbb{Z})\simeq Z^{\oplus 7}$
1 (see e.g. [1]) $S$ 3
$V_{Z}:=k_{s}^{\perp}=\{v\in H_{2}(S, \mathbb{Z})|(v, k_{S})=0\}$ ,
$V:=V_{Z}\otimes_{Z}\mathbb{R}$,
$Rs:=\{\alpha\in V_{Z}|(\alpha, \alpha)=-2\}\subset V$, $($ , $)$
(i) $(V, R_{S})$ $E_{6}$ ( negative def-
inite)
(ii) $R_{S}=\{[L_{i}]-[L_{j}]|L_{i}, L_{j}\in \mathcal{L}_{S}, 1\leq i,j\leq 27, i\neq j, L_{i}\cap L_{j}=\emptyset\}$ $[L_{i}]$ $S$
$L_{i}$
(iii) $W_{R}=$ { $g\in$ Aut $(H_{2}(S,$ $\mathbb{Z}))|g$ (, ) $k_{S}$ } $W_{R}$
$E_{6}$ Weyl
7 lattice
$U_{Z}=$ ZZ $\oplus$ Ze$1\oplus\cdots\oplus Ze_{6}$
$(l, l)=1,$ $(l, e_{i})=0,$ $(e_{i}, e_{i})=-1,$ $(e_{i}, ej)=0,$ $(1\leq i,j\leq 6, i\neq j.)$
$k=-3l+e_{1}+\cdots+e_{6}$





$\mathcal{L}:=\{v\in V_{Z}|(v, v)=(v, k)=-1\}$
$\mathcal{L}=\{e_{i}, l-e_{i}-ej(i\neq j), 2l-\sum_{n=1}^{6}e_{n}+e_{i}|1\leq i,j\leq 6\}$
27
$=l-e_{i}-e_{j}$ , $g_{i}=2l- \sum_{n=1}^{6}e_{n}+e_{i}$
$\pi\wedge\ovalbox{\tt\small REJECT}$ $S$ 27 $\mathcal{L}_{S}$ $\mathcal{L}_{S}$
$m:\mathcal{L}arrow \mathcal{L}_{S}=\{L_{1}, \ldots L_{27}\}$
$\#\{L_{i}\cap L_{j}\}=(m^{-1}(L_{i}),m^{-1}(L_{j}))$ $S$ mark-
ing $1(ii)$ marking $m$ $R(E_{6})$ $Rs$ isometry
$\tilde{m}$ $S$ $m$ $(S, m)$ marking 3
$\pi\infty\ovalbox{\tt\small REJECT}$ marking 3 $(S, m),$ $(S’, m’)$ $\Phi$ : $S\simeq S’$
$\Phi$ $\Phi_{*}:\mathcal{L}_{S}arrow \mathcal{L}_{S’}$ $\Phi_{*}om=m$‘
2
$S$ 3 $m$ marking $S$ $p$ $T_{p}$
$T_{p}\cap S$ 3
2 $C_{p}=T_{p}\cap S$ $S$ 3 $F(x)$ $F$ Hessian $Hess(F)$
$Hess(F)=0$ $S$ (12 ) $H$ $H$ parabolic
curve $S^{*}:=S\backslash (HUL_{1}\cup\cdots\cup L_{27}),$ $(L_{i}\in \mathcal{L}_{S})$
(i) $p\in s*\Rightarrow C_{p}$ node 3
(ii) $p\in L_{i}\Rightarrow C_{p}=conic\cup$ line
(iii) $p\in H\Rightarrow C_{p}$ cusp 3
3
$D$ $S$ $S$ line bundle $D$
Pic $(S)arrow$ Pic$(D)$
$-$ Pic(X) X Picard (line bundle )
$S$ canonical line bundle $K_{S}$ Pico(D)
(degree $0$ )
$($ Pic $(S))^{\perp K_{S}}arrow Pic^{0}(D)$
$D$ node $D$ orientation
Pico(D $\backslash$ {node}) $\simeq \mathbb{C}^{*}$
$S$
$($Pic $(S))^{\perp K_{S}}arrow \mathbb{C}^{*}$
Pico(D $\backslash$ {node}) $\simeq \mathbb{C}^{*}$ Pic$(S)\simeq H_{2}(S, Z)$
1 $($ Pic $(S))^{\perp K_{S}}$ $E_{6}$ root lattice $\mathbb{Z}R_{S}$ ( 1)
marking $\tilde{m}$ : $R(E_{6})\simeq Rs$ $(S, D, m)$ $E_{6}$ root lattice $ZR(E_{6})$
$\mathbb{C}^{*}$
$\varphi(S,D,m)^{;R(E_{6})}arrow \mathbb{C}^{*}$
$(S, D, m)\varphi(S_{:}D,m)\in Hom(\mathbb{Z}R(E_{6}), \mathbb{C}^{*})$
$S$
$P\in s*$ $\alpha\in R(E_{6})$ $R_{S}\ni\tilde{m}(\alpha)$ $\alpha$
1 $\alpha$ $S$ $L_{i},$ $L_{j}$
$\alpha=[L_{i}]-[L_{j}]$ , $L_{i}\cap L_{j}=\emptyset$
$S$ $C_{p}$
$T_{p}$ $p$
$P^{1}$ . $P$ $C_{p}$
$P$ node 2 $l,$ $l’$ . $p_{i}=L_{i}\cap C_{p}(i=1,2)$ , $p$
$p_{i}$ , $\{[l, l’;l_{i}, l_{j}], [l‘, l;l_{i}, l_{j}]\}$ $C_{p}$
4
orientation $\epsilon$ , , $\chi_{p}^{\epsilon}(\alpha)$
.
$\chi_{p}^{\epsilon}(\alpha)=[l,l’;l_{i}, l_{j}]$ or $[l’, l;l_{i}, l_{j}]$
$\chi_{p}^{-\epsilon}(\alpha)=(\chi_{p}^{\epsilon}(\alpha))^{-1}$
$\chi_{p}^{\epsilon}$ root lattice $ZR(E_{6})$ $\mathbb{C}^{*}$ .




$E_{6}$ (E6) . invo-
lution
$\iota:T(E_{6})arrow T(E_{6})$
$\iota(t)=t^{-1}$ . $T(E_{6})$ $arrow$ T(E6)/ $<\iota$ $\chi_{p}^{\epsilon}$ image orientation
$\vee$






. , $\Delta:=\{t\in T(E_{6})|\alpha(t)=1$ for some $\alpha\in R(E_{6})\}$ .
[(s,m)] $\in$
$\tau(S^{*})=(T(E_{6})\backslash \Delta)/<\iota>$






$R(D_{4})$ D4 . $R^{+}(D_{4})$ . $R^{+}(D_{4})$ 12
, 3 .
$\{\begin{array}{l}R^{+}(D_{4})=R_{1}uR_{2}UR_{3}, |R_{i}|=4,\alpha,\beta\in R_{i}, \alpha\neq\beta\Rightarrow(\alpha,\beta)=0,\alpha\in \text{ }, \beta\in R_{j}, i\neq j\Rightarrow(\alpha,\beta)\neq 0,\sum_{\alpha\in R_{1}}\alpha=\sum_{\beta\in R_{2}}\beta.\end{array}$
, $R(E_{6})\supset R(D_{4})$ $\alpha_{2},$ $\alpha_{3},$ $\alpha_{4},$ $\alpha_{5}$ )$\triangleright$- $\}\backslash$ .




$R_{1}=\{\alpha_{4}, \alpha_{2}+\alpha_{3}+\alpha_{4}, \alpha_{2}+\alpha_{4}+\alpha_{5}, \alpha_{3}+\alpha_{4}+\alpha_{5}\}$
$R_{2}=\{\alpha_{2}+\alpha_{4}, \alpha_{3}+\alpha_{4}, \alpha_{4}+\alpha_{5}, \alpha_{2}+\alpha_{3}+\alpha_{4}+\alpha_{5}\}$
$R_{3}=\{\alpha_{2}, \alpha_{3}, \alpha_{5}, \alpha_{2}+\alpha_{3}+2\alpha_{4}+\alpha_{5}\}$
.
$r= \prod_{\gamma\in R_{1},\gamma’\in R_{2}}\frac{e^{\gamma}-1}{e^{\gamma}’-1}$
( , $e^{\gamma}$ $\gamma$ ) .
$1-r=-e^{\alpha_{2}} \prod_{\gamma\in R_{3},\gamma’\in R_{2}}\frac{e^{\gamma}-1}{e^{\gamma}’-1}$
$= \frac{(e^{-\alpha_{2}}-1)(e^{-\alpha_{3}}-1)(e^{-\alpha_{5}}-1)(e^{\alpha_{2}+\alpha_{3}+2\alpha_{4}+\alpha_{5}}-1)}{(e^{\alpha_{3}+\alpha_{4}}-1)(e^{\alpha_{4}+\alpha_{5}}-1)(e^{\alpha_{2}+\alpha_{4}}-1)(e^{-\alpha_{2}-\alpha_{3}-\alpha_{4}-\alpha_{5}}-1)}$
, $R_{3}$ 1 .
$1-r= \prod_{1\leq i\leq 4}\frac{e^{\gamma}\cdot-1}{e^{\gamma’}\dot{\cdot}-1}$
(1) $\{\begin{array}{l}\sum_{1\leq i\leq 4}\gamma_{i}=\sum_{1\leq i\leq 4}\gamma_{i}’(\gamma_{i},\gamma_{j})=(\gamma_{i}’,\gamma_{j}’)=0(i\neq j),(\gamma_{i},\gamma_{j}’)\neq 0.\end{array}$
.
6
4(i) $R_{D}\subset R(E_{6})$ D4
$S$(RD) $=\{(\{\gamma_{i}\},$ $\{\gamma_{i}’\})|\gamma_{i},\gamma_{i}’\in$ RD $(1\leq i\leq 4)$ (1) $\}$
$cr(S(R_{D}))= \{\prod_{i=1}^{4}\frac{e^{\gamma_{*}}.-1}{e^{\gamma_{*}’}-1}|(\{\gamma i\}, \{\gamma_{i}’\})\in S(R_{D})\}$
$\sum\gamma_{i}=\sum\gamma_{i}’$ $cr(S(R_{D}))$ $T(E_{6})/\iota$
$\forall(\{\gamma_{i}\}, \{\gamma_{i}’\})\in S$(RD) $r= \prod_{i=1_{e^{\gamma_{*}}}^{\neg}}^{4e^{\gamma}i_{\frac{-1}{-1}}}$.
$cr(S(R_{D}))=\{r^{\pm 1}, (1-r)^{\pm 1}, (1-1/r)^{\pm 1}\}$
(ii) $\gamma_{i},\gamma_{i}’\in R(E_{6})$ (1) $\circ$ $r=\Pi_{=1}^{\dot{4}}$ D4
RD $r\in cr$ ( $S$(RD))
$g\wedge\ovalbox{\tt\small REJECT} D_{4}$ $R_{D}$ $cr(S(R_{D}))$ $r$ $D_{4}$ cross ratio
$\{r^{\pm 1}, (1-r)^{\pm 1}, (1-1/r)^{\pm 1}|\}$
$r$ $D_{4}$ cross ratio system
{ $R(E_{6})$ $D_{4}$ } $\underline{1:1}$ { $D_{4}$ cross ratio systems}
$E_{6}$ $R(E_{6})$ D4 $T(E_{6})/<\iota$
A3




$\{\gamma_{1},$ $\gamma_{2}\}$ $\{\gamma_{1}’$ , $\gamma$
(2) $\{\begin{array}{l}\sum_{1\leq i\leq 2}\gamma i=\sum_{1\leq i\leq 2}\gamma_{i}’(\gamma_{1},\gamma_{2})=(\gamma_{1}’, \gamma_{2}’)=0,(\gamma_{i}, \gamma_{j}’)\neq 0.\end{array}$
5
(i) $R_{A}\subset R(E_{6})$ $A_{3}$
$S(R_{A})=\{(\{\gamma_{i}\},$ $\{\gamma_{i}’\})|\gamma_{i},\gamma_{i}’\in R_{A}(1\leq i\leq 2)$ (2) $\}$
$cr(S(R_{A}))= \{\prod_{i=1}^{2}\frac{e^{\gamma_{*}}-1}{e^{\gamma_{i}’}-1}|(\{\gamma_{i}\}, \{\gamma_{i}’\})\in S(R_{A})\}$
$\sum\gamma_{i}=\sum\gamma_{i}’$ $cr(S(R_{A}))$ $T(E_{6})/\iota$
$\forall(\{\gamma_{i}\}, \{\gamma_{i}’\})\in S(R_{A})$ $r= \prod_{i=1}^{2}\frac{e^{\gamma}\cdot-1}{e^{\gamma’}i-1}$
$cr(S(R_{A}))=\{r^{\pm 1}, (1-r)^{\pm 1}, (1-1/r)^{\pm 1}\}$
(ii) $\gamma i,$ $\gamma_{i}’\in R(E_{6})$ (2) $r= \prod_{i=1}^{2}\frac{e^{\gamma}\cdot-1}{e^{\gamma’}\dot{\cdot}-1}$ $A_{3}$
$R_{A}$ $r\in cr$ ( $S$ (RA))
$g\wedge\ovalbox{\tt\small REJECT} A_{3}$
$R_{A}$ $cr(S(R_{A}))$ $r$ $A_{3}$ cross ratio
$\{r^{\pm 1}, (1-r)^{\pm 1}, (1-1/r)^{\pm 1}\}$ $r$ ($\emptyset$ $A_{3}$ crossratio system
{ $R(E_{6})$ $A_{3}$ } $\underline{1:1}$ { $A_{3}$ cross ratio systems}
D4 $A_{3}$
$CR(D_{4}):= \{\prod_{i=1}^{4}\frac{e^{\gamma:}-1}{e^{\gamma’}:-1}|\gamma_{i},\gamma_{i}’\in R(E_{6})(1\leq i\leq 4), (\{\gamma_{i}\}, \{\gamma_{i}’\})\#h(1)$ $h- \text{ _{}0}\}$
$CR(A_{3}):= \{\prod_{i=1}^{2}\frac{e^{\gamma_{*}}.-1}{e^{\gamma’}\cdot-1}|\gamma_{i},\gamma_{i}’\in R(E_{6})(1\leq i\leq 2), (\{\gamma_{i}\}, \{\gamma_{i}’\})\}h(2)$ $*arrow \text{ _{ }}\}$
8
4 $A_{3},$ $D_{4}$ cross ratio
$(S,m)$ marking 3 . $S$
. $p\in S^{*}=$
$S\backslash (H\cup L_{1}\cup\cdots\cup L_{27})$ , (H:parabolic curve, $L_{i}$ : $S$ ), $r\in CR(D_{4})$ or
$CR(A_{3})$ . 3 $\tau$ $S$ $r^{s}$
$r^{s}(p)=r(\tau(p))$
. $W(E_{6})$ $CR(D_{4}),$ $CR(A_{3})$ .
$r= \prod\frac{e^{\gamma i}-1}{e^{\gamma_{i}}’-1}$ ,
$w(r)= \prod\frac{e^{w(\gamma\dot{.})}-1}{e^{w(\gamma_{*}’)}-1}$ , $w\in W(E_{6})$
$R(E_{6})$ 2 D4 $W(E_{6})$ . $A_{3}$
1 cross ratio system 6
$W(E_{6})$
6 $W(E_{6})$ $CR(D_{4}),$ $CR(A_{3})$ .
$r^{S}$ zero locus pole locus . $\gamma\in R(E_{6})$
$A=\frac{(e^{\gamma}-1)^{2}}{e^{\gamma}}$
$\backslash$
. $f_{\gamma}$ $T(E_{6})/\iota$ . $f_{\gamma}^{s}$ $S$
$r= \prod\frac{e^{\gamma}\cdot-1}{e^{\gamma_{i}’}-1}$ ,
$D_{4}$ $A_{3}$ cross ratio , $\Sigma\gamma_{i}=\Sigma\gamma_{i}’$
$r^{2}= \prod\frac{f_{\gamma}}{f_{\gamma^{\dot{\prime}}}}$
. $f_{\gamma}^{S}$ zero pole .
$\gamma\in R(E_{6})$ . 1 , $H_{2}(S, Z)$ $m(\gamma)=[L]-[L’]$
$S$ $L,$ $L’$ , 6 .
9
$\{(L, L’)|1\leq i\leq 6\}$ , double six .
$D(\gamma)=(\begin{array}{lll}L_{1} \cdots L_{6}L_{1} \cdots L_{6}\end{array})$
.
7 $\gamma$ double six $\{(L_{i}, L_{i}’)\}$ $f_{\gamma}^{s}\sigma$) zero locus
$S$ parabolic curve $H$ , pole locus $\bigcup_{i=1}^{6}(L_{i}\cup L_{i}’)$
$r$ $D_{4}$ cross ratio
$(r^{2})^{s}= \prod_{i=1}^{4}\frac{(f_{\gamma}.\cdot)^{S}}{(f_{\gamma_{i}’})^{S}}$
$f_{\gamma}^{S}$ zero pole $(R^{2})^{S}\}h$
markingm
$=m(e_{i}),$ $F_{ij}=m(l-e_{i}-e_{j}),$ $G_{i}=m(2l- \sum_{n=1}^{6}e_{n}+e_{i})$








$\alpha$ 4223 $++++\alpha$3)$+$–$\alpha$ ())EE$+$—-$\alpha$GG553) –35GGEF EFlE:)3455F4GFFG62F2525666)$)$ )
10
$(r^{2})^{S}$ pole $4H+D(\alpha_{4})+D(\alpha_{2}+\alpha_{3}+\alpha_{4})+D(\alpha_{2}+\alpha_{4}+\alpha_{5})+$
$D(\alpha_{3}+\alpha_{4}+\alpha_{5})$ zero $\ovalbox{\tt\small REJECT}h4H+D(\alpha_{3}+\alpha_{4})+D(\alpha_{4}+\alpha_{5})+D(\alpha_{2}+\alpha_{4})+D(\alpha_{2}+$
$\alpha_{3}+\alpha_{4}+\alpha_{5})$ ( $\gamma$ double sb $D(\gamma)$ )
$\bigcup_{\gamma_{*}}D(\gamma_{i})=\bigcup_{\gamma_{*}’}D(\gamma_{i}’)$
zero pole $(r^{2})^{S}$ $D_{4}$ cross ratio
$r$ $W(E_{6})$ $S$
8 $(S, m)$ marking 3 $r$ D4 cross ratio
$r^{S}$
marking 3 moduli $D_{4}$ cross ratio
$A_{3}$ cross ratio
$r= \frac{(e^{\alpha_{4}}-1)(e^{\alpha_{3}+\alpha_{4}+\alpha}5-1)}{(e^{\alpha_{3}+\alpha_{4}}-1)(e^{\alpha_{4}+\alpha_{5}}-1)}$
D4 cross ratio $(r^{2})^{S}$ zero locus $2(F_{25}+$
$F_{34})$ pole locus $2(F_{24}+F_{35})$
$1-r= \frac{(e^{-\alpha_{3}}-1)(e^{\alpha_{5}}-1)}{(e^{-\alpha_{3}-\alpha_{4}}-1)(e^{\alpha_{4}+\alpha_{5}}-1)}$
$((1-r)^{2})^{S}$ zero locus $2(F_{23}+F_{45})$ pole locus $2(F_{24}+F_{35})$
$(r^{2})^{S}=( \frac{F_{25}F_{34}}{F_{24}F_{35}})^{2},$ $((1- r)^{2})^{s}=( \frac{F_{23}F_{45}}{F_{24}F_{35}})^{2}$
$F_{ij}$ $F_{ij}$ -$\circ$ $S$ tritangent(
3 )
$\ovalbox{\tt\small REJECT}=F_{25}\cup F_{34}\cup F_{16}$ , $T_{2}=F_{24}\cup F_{35}\cup F_{16}$ , $T_{3}=F_{23}\cup F_{45}\cup F_{16}$
$r^{s}$ $T_{1}\backslash F_{16}$ $0$ $T_{2}\backslash F_{16}$ $\infty$ $T_{3}\backslash F_{16}$ 1
$T_{1}\cap T_{2}\cap T_{3}=F_{16}$ $F_{16}$ $P$ $P^{1}$
$\varphi:\{P|P\supset F_{16}\}arrow P^{1}$
$\varphi(P_{i})$ $0$ $\infty$ 1 $\varphi$
$\varphi|_{S}:Sarrow P^{1}$ $(S\cap P)\backslash F_{16}$ $\varphi(P)$
11
$\varphi|_{S}$
$r^{s}$ $A_{3}$ cross ratio $S$
$S$ $S$ $P^{1}$
9 $r$ $A_{3}$ cross ratio $S$ $L$ tritangents $T_{1},T_{2}$ ,
$\varphi:\{P$ : ffi $|P\supset L\}arrow P^{1}$




$\Gamma(D_{4})=\{r|r\in CR(D_{4})\rangle$ , $\Gamma(A_{3})=\{r|r\in CR(A_{3})\rangle$




$\{r^{\pm 1},$ $(1-r)^{\pm 1},$ $(1-1/r)^{\pm 1}\}$
(m)
$\mathbb{C}(T(E_{6}))<\iota>\simeq \mathbb{C}(\Gamma(A_{3}))$ ( $\mathbb{C}[\Gamma(A_{3})]$ )
$\mathbb{C}(T(E_{6}))=\mathbb{C}(\alpha_{1}, \ldots, \alpha_{6})$ ( $\alpha_{i}$ : ) $\iota$ $\iota(\alpha_{i})=$








$\phi_{S}(x)=(r_{i}^{S}(x))\cross((r_{j}’)^{S}(x)),$ $r_{i}\in CR(A_{3}),$ $r_{j}’\in CR(D_{4}),$ $N_{A}=|CR(A_{3})|,$ $N_{D}=$
$|CR(D_{4})|$ $\phi_{S}$ embedding
$\bigcup_{[(S_{2}m)]\in \mathfrak{M}}Sarrow(P^{1})^{N_{A}}\cross(P^{1})^{N_{D}}$
$k\backslash$ $=$ {marking 3 }
$\Phi$ : $X=(T(E_{6})\backslash \Delta)/\iota^{\underline{\varphi_{1}}}(\mathbb{C}_{y}^{*}\backslash \{1\})^{N_{A}}\cross(\mathbb{C}^{*}\backslash \{1\})^{N_{D}}$ $(P^{1})^{N_{A}}\cross(P^{1})^{N_{D}}$
1 $(t)=(r_{A}^{i}(t))\cross(r_{D}^{j}(t))$ , $r_{A}^{i}\in CR(A_{3}),$ $r_{D}^{j}\in CR(D_{4})$















$\pi$ : $arrow M$ proper iiat mor-
phism $\pi^{-1}(x),$ $(x\in M)$ 3
Weyl $W(E_{6})$ , $M$ equivariant
(i) $M$ $T(D_{4})$ D4
$T(D_{4})$ blow up
$\varphi:\tilde{T}arrow T(D_{4})$





(ii) $P^{2}$ 7 ( ) $moduli$ $M$ 6 ( ) moduli
marking 3 moduli total space
[1] Yu. I. Manin, Cubic Forms, 2nd edition, North-Holland, Amsterdam, 1986.
[2] I. Naruki, Cross ratio variety as a moduli space of cubic surfaces,Proc. London
Math. Soc. (3), 45 (1982), pp. 1-30.
[3] I. Naruki and J. Sekiguchi, A modification of Cayley’s family of cubic surfaces
and birati.onal action of $W(E_{6})$ over it, Proc. Japan Acad.,56 (1980), pp.
122-125.
14
